
  

CMP 334: Sixth Class

HW 4 solution 

Non-standard truth table formats

Boolean formula → combinational circuit practice

Computer arithmetic part 1 (non-negative numbers)
Addition (and carry)
Subtraction

Inverters, decoders, multiplexers

TINY instruction set architecture

For next class: HW 5 (lookover HW 6) read A.3, 2.1-4



  

HW 4:  Boolean Formulas

1)  Present (i) the truth table  and (ii) a circuit diagram for the following
Boolean formulas:

a)   (a + b) (a + b) 

b)   xyz + xyz +  xyz +  xyz 

c)   (a + b) (b + c) (c + a)

d)   (x + y + z ) (xyz)

2)  Give a truth table to prove or disprove the following identity:

(x + y) (y + z) = y + (x+z) 



  

HW 4.1a:  (a + b) (a + b)

a b (a + b) a b (a + b) (a + b) (a + b)

0 0 0 1 1 1 0

0 1 1 1 0 1 1

1 0 1 0 1 1 1

1 1 1 0 0 0 0



  

HW 4.1a:  (a + b) (a + b)

a b (a + b) a b (a + b) (a + b) (a + b)

0 0 0 1 1 1 0

0 1 1 1 0 1 1

1 0 1 0 1 1 1

1 1 1 0 0 0 0

b

a

(a + b) (a + b)



  

HW 4.1b:  xyz + xyz +  xyz +  xyz 

x y z xyz xyz xyz xyz xyz + xyz +  xyz +  xyz 
0 0 0 0 0 0 0 0

0 0 1 0 1 0 0 1

0 1 0 0 0 1 0 1

0 1 1 0 0 0 0 0

1 0 0 0 0 0 1 1

1 0 1 0 0 0 0 0

1 1 0 0 0 0 0 0

1 1 1 1 0 0 0 1



  

HW 4.1b:  xyz + xyz +  xyz +  xyz 

x y z xyz xyz xyz xyz xyz + xyz +  xyz +  xyz 

0 0 0 0 0 0 0 0

0 0 1 0 1 0 0 1

0 1 0 0 0 1 0 1

0 1 1 0 0 0 0 0

1 0 0 0 0 0 1 1

1 0 1 0 0 0 0 0

1 1 0 0 0 0 0 0

1 1 1 1 0 0 0 1



  

HW 4.1b:  xyz + xyz +  xyz +  xyz 

z

x

y



  

HW 4 1c:  (a + b) (b + c) (c + a)
a b c a+b b+c c+a (a + b) (b + c) (c + a)
0 0 0 1 1 1 0

0 0 1 1 0 1 1

0 1 0 0 1 1 1

0 1 1 0 1 1 1

1 0 0 1 1 0 1

1 0 1 1 0 1 1

1 1 0 1 1 0 1

1 1 1 1 1 1 0



  

HW 4 1c:  (a + b) (b + c) (c + a)
a b c a+b b+c c+a (a + b) (b + c) (c + a)
0 0 0 1 1 1 0

0 0 1 1 0 1 1

0 1 0 0 1 1 1

0 1 1 0 1 1 1

1 0 0 1 1 0 1

1 0 1 1 0 1 1

1 1 0 1 1 0 1

1 1 1 1 1 1 0

c

a
b



  

HW 4 1d:  (x + y + z ) (xyz)

x y z x+y+z xyz xyz (x + y + z ) (xyz)
0 0 0 0 0 1 0

0 0 1 1 0 1 1

0 1 0 1 0 1 1

0 1 1 1 0 1 1

1 0 0 1 0 1 1

1 0 1 1 0 1 1

1 1 0 1 0 1 1

1 1 1 1 1 0 0



  

HW 4 1d:  (x + y + z ) (xyz)

x y z x+y+z xyz xyz (x + y + z ) (xyz)
0 0 0 0 0 1 0

0 0 1 1 0 1 1

0 1 0 1 0 1 1

0 1 1 1 0 1 1

1 0 0 1 0 1 1

1 0 1 1 0 1 1

1 1 0 1 0 1 1

1 1 1 1 1 0 0

(x + y + z ) (xyz)
z

y

x



  

HW 4.2:  (x + y) (y + z) ≡ y + (x+z)

x y z x+y y+z (x+y)(y+z) y+(x+z) x+z x+z
0 0 0 1 1 1 1 1 0

0 0 1 1 0 0 0 0 1

0 1 0 1 1 1 1 1 0

0 1 1 1 1 1 1 0 1

1 0 0 0 1 0 0 0 1

1 0 1 0 0 0 0 0 1

1 1 0 1 1 1 1 0 1

1 1 1 1 1 1 1 0 1



  

Combinational Circuit Design

Combinational circuit 
Output determined by input

Design process
1. Specify semantics

Black Box input and output
Truth Table (input determines output)

2. Truth table → Boolean formula
3. Minimize Boolean formula  (optional) 

Boolean algebra
Karnaugh maps

4. Boolean formula → combinational circuit



  

D E F (Appendix A.2)

D is true iff at least one of A, B, and C is true

E is true iff exactly two of A, B, and C are true

F is true iff all three of A, B, and C are true

A B C D E F

0 0 0 0 0 0

0 0 1 1 0 0

0 1 0 1 0 0

0 1 1 1 1 0

1 0 0 1 0 0

1 0 1 1 1 0

1 1 0 1 1 0

1 1 1 1 0 1



  

D E F Truth Tables

A B C D E F

0 0 0 0  D E F

1 0 0 1  D E F

2 0 1 0  D E F

3 0 1 1  D E F

4 1 0 0  D E F

5 1 0 1  D E F

6 1 1 0  D E F

7 1 1 1  D E F

D  =  {1, 2, 3, 4, 5, 6, 7}

E  =  {3, 5, 6}

F  =  {7}



  

D E F Truth Tables

D  =  {1, 2, 3, 4, 5, 6, 7}

E  =  {3, 5, 6}

F  =  {7}

A B C D E F

0 0 0 0  D E F

2 0 1 0  D E F

4 1 0 0  D E F

6 1 1 0  D E F

A B C D E F

1 0 0 1  D E F

3 0 1 1  D E F

5 1 0 1  D E F

7 1 1 1  D E F



  

D E F Truth Tables

D  =  {1, 2, 3, 4, 5, 6, 7}

E  =  {3, 5, 6}

F  =  {7}

 C C
AB 0    D E F 1    D E F
AB 2    D E F 3    D E F
AB 4    D E F 5    D E F
AB 6    D E F 7    D E F



  

D E F Truth Tables (Gray Order) 

D  =  {1, 2, 3, 4, 5, 6, 7}

E  =  {3, 5, 6}

F  =  {7}

 C C
AB 0    D E F 1    D E F
AB 2    D E F 3    D E F
AB 6    D E F 7    D E F
AB 4    D E F 5    D E F



  

X Y Z
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 bd + abc + abcd 



  

X Y Z
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 bd + abc + abcd 



  

X Y Z

a

d

Y

X

Z
c
b
a

d

Y

X

c
b

bcd + abc + acd + abd \
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X Y Z

a

d
Y
X
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ac  + ab + bcd + bcd + abcd 



  

X Y Z

a

d
Y
X
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c
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bcd
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ac  + ab + bcd + bcd + abcd 



  

Some Boolean Formulas

1)  f
1
 is {6, 7, E, F}

f
1
 = bc

2)  f
2
 is {0, 1, 5, 8, 9, D}

f
2
 = bc + cd

3)  f
3
 is {2, 3, 5, 7, B, D}

f
3
 = abc + abc + bcd + bcd

4)  f
4
 is {0, 2, 6, 8, B, C, E}

f
4
 = abd + bcd  + acd + abcd
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f
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Circuit for f
1
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Circuit for f
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b
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Human Addition

8 2 7 1 5 2
6 7 1 8 4 9

1 0 0 1 1
4 9 8 9 9 1
4 9 9 0 0 11

1
+

4
4

8
8

0



  

Human Addition

8 2 7 1 5 2
6 7 1 8 4 9

1 0 0 1 1
4 9 8 9 9 1
4 9 9 0 0 11

1
+

4
4

8
8

0



  

Human Addition

8 2 7 1 5 2
6 7 1 8 4 9

1 0 0 1 1
4 9 8 9 9 1
4 9 9 0 0 11

1
+

4
4

8
8

0



  

Human Addition

8 2 7 1 5 2
6 7 1 8 4 9
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Human Addition
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Human Addition

8 2 7 1 5 2
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Human Addition

8 2 7 1 5 2
6 7 1 8 4 9
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Human Addition

8 2 7 1 5 2
6 7 1 8 4 9

1 0 0 1 1
4 9 8 9 9 1
4 9 9 0 0 11

1
+

4
4

8
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Human Addition

8 2 7 1 5 2
6 7 1 8 4 9

1 0 0 1 1
4 9 8 9 9 1
4 9 9 0 0 11

1
+

4
4

8
8

0



  

Human Addition (Binary)

1 1 0 1 1 1
1 0 0 0 0 1

1 0 0 1 1
0 1 0 1 1 0
0 1 1 0 0 01

1
+

0
0

0
0

0



  

Human Addition (Binary)

1 1 0 1 1 1
1 0 0 0 0 1

1 0 0 1 1
0 1 0 1 1 0
0 1 1 0 0 01

1
+

0
0

0
0

0



  

Human Addition (Binary)

1 1 0 1 1 1
1 0 0 0 0 1

1 0 0 1 1
0 1 0 1 1 0
0 1 1 0 0 01

1
+

0
0

0
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Human Addition (Binary)

1 1 0 1 1 1
1 0 0 0 0 1

1 0 0 1 1
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1
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Human Addition (Binary)

1 1 0 1 1 1
1 0 0 0 0 1
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1
+

0
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0
0
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Human Addition (Binary)

1 1 0 1 1 1
1 0 0 0 0 1

1 0 0 1 1
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1
+

0
0

0
0
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Human Addition (Binary)

1 1 0 1 1 1
1 0 0 0 0 1

1 0 0 1 1
0 1 0 1 1 0
0 1 1 0 0 01

1
+

0
0

0
0
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Human Addition (Binary)

1 1 0 1 1 1
1 0 0 0 0 1

1 0 0 1 1
0 1 0 1 1 0
0 1 1 0 0 01

1
+

0
0

0
0

0



  

Human Addition (Binary)

1 1 0 1 1 1
1 0 0 0 0 1

1 0 0 1 1
0 1 0 1 1 0
0 1 1 0 0 01

1
+

0
0

0
0

0



  

Fixed Width Binary Addition

1 1 0 1 1 1
1 0 0 0 0 1

1 0 0 1 1
0 1 0 1 1 0
0 1 1 0 0 01

1
+

0
0

0
0

0



  

1 1 0 1 1 1
1 0 0 0 0 1

1 0 0 1 1
0 1 0 1 1 0
0 1 1 0 0 01

1
+

0
0

0
0

0

Fixed Width Binary Addition



  

1 1 0 1 1 1
1 0 0 0 0 1

1 0 0 1 1
0 1 0 1 1 0
0 1 1 0 0 01

1
+

0
0

0
0

0

Fixed Width Binary Addition



  

1 1 0 1 1 1
1 0 0 0 0 1

1 0 0 1 1
0 1 0 1 1 0
0 1 1 0 0 01

1
+

0
0

0
0

0

Fixed Width Binary Addition



  

1 1 0 1 1 1
1 0 0 0 0 1

1 0 0 1 1
0 1 0 1 1 0
0 1 1 0 0 01

1
+

0
0

0
0

0

Fixed Width Binary Addition



  

1 1 0 1 1 1
1 0 0 0 0 1

1 0 0 1 1
0 1 0 1 1 0
0 1 1 0 0 01

1
+

0
0

0
0

0

Fixed Width Binary Addition

Carry out



  

1 1 0 1 1 1
1 0 0 0 0 1

1 0 0 1 1
0 1 0 1 1 0
0 1 1 0 0 01

1
+

0
0
0

0

0

Fixed Width Binary Addition

Carry out 0 1Carry in



  

What about Subtraction?  A – B

A ≥ B  

A ~ B ≡ A – B (ordinary arithmetic)

A < B
1)  B ~ B = 0

2)  (A ~ B) + C = (A + C) ~ B
~B ≡ 0 ~ B = 2n – B = B + 1 (2's complement)

A ~ B  ≡  A + B + 1



  

1 1 0 1 1 1
1 0 0 1 1 1

1 0 0 1 1
0 1 0 1 1 0
0 1 1 0 0 01

1
–

0
0
1

0

0

Fixed Width Binary Addition

Borrow 0 1Carry in



  

Arithmetic / Logical Unit

Building Blocks
AND, OR, and NOT gates
Inverters, Decoders, Multiplexers

Inputs (operands):  A and B buses

Output (result):  C bus
Logical

Bitwise: A, A & B, A | B,  A ^ B, A ↑ B, A ↓ B,  ...

Arithmetic
A + B, A – B, A ٠ B, A div B, A mod B

Comparison
A < B, A = B, A ≥ B, etc.  and  X < 0, X = 0, X ≥ 0, etc. 



  

TINY Arithmetic / Logical Unit

Building Blocks
AND, OR, and NOT gates
Inverters, Decoders, Multiplexers

Inputs (operands):  A and B buses

Output (result):  C bus
Logical

Bitwise: A, A & B, A | B,  A ^ B, A ↑ B, A ↓ B,  ...

Arithmetic
A + B, A – B, A ٠ B, A div B, A mod B

Comparison
A < B, A = B, A ≥ B, etc.  and  X < 0, X = 0, X ≥ 0, etc. 



  

Inverters, Decoders, Multiplexer

Inverter:  select data input or its negation
1 data input
1 selector input
1 output

Decoder:  select unique output to be 1 (true)  
N selector inputs
2N outputs

Multiplexer:  select unique data input to be output 
2N data inputs
N selector inputs
1 output



  

Inverter

s

d qInverter     



  

Inverter Truth Table

# s d q
0 0 0 0
1 0 1 1
2 1 0 1
3 1 1 0



  

Inverter

s

d qInverter     



  

N-Bit Decoder

Each different combination of N input bits uniquely
specifies one of 2N outputs.  An output is 1 if and
only if the corresponding input combination is
active.  For any input, exactly one output is 1.

N-Bit Decoder Truth Table:
N input columns
2N output columns
2N rows

Exactly one 1 in each output column
Exactly one 1 in each output row



  

1-Bit Decoder Truth Table

# s x
0

x
1

0 0 1 0

1 1 0 1



  

1-bit
Decoder

1-Bit Decoder

s w
1

w
0



  

Inverter Truth Table

# s d q
0 0 0 0
1 0 1 1
2 1 0 1
3 1 1 0



  

Inverter

s

x qInverter     



  

2-Bit Decoder

s
0

w
00

s
1

w
01

w
10

w
112-bit Decoder



  

2-bit Decoder Truth Table

# s
1

s
0

w
00

w
10

w
10

w
11

0 0 0 1 0 0 0

1 0 1 0 1 0 0

2 1 0 0 0 1 0

3 1 1 0 0 0 1



  

2-Bit Decoder

s
0

w
00

s
1

w
01

w
10

w
11

2-bit Decoder



  

3-bit Decoder Truth Table

s
2

s
1

s
0

w
000

w
010

w
010

w
011

w
100

w
111

w
110

w
111

0 0 0 1 0 0 0 0 0 0 0
0 0 1 0 1 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0
0 1 1 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 1 0 0
1 1 0 0 0 0 0 0 0 1 0
1 1 1 0 0 0 0 0 0 0 1



  

M-way Multiplexer (M ≡ 2N) 

N (lg M) selector inputs choose one of 2N (M) data
inputs to output

2N-way multiplexer truth table:
2N data input columns       (d

i
  0 ≤ i < 2N)

N selector input columns  (s
j
  0 ≤ s < 2N)

1 output column                (x = d
s
)



  

2-Way Multiplexer

s

d
0

d
1 q

s

1-bit
Decoder

 
2-way MUX  



  

2-Way Multiplexer

# s d
1

d
0 q

0 0 0 0 0
1 0 0 1 1
2 0 1 0 0
3 0 1 1 1
4 1 0 0 0
5 1 0 1 0
6 1 1 0 1
7 1 1 1 1



  

 
2-way MUX  

2-Way Multiplexer

s

d
0

d
1 d

s

1-bit
Decoder



  

1-Bit Decoder

s

1-bit
Decoder

w
1

w
0



  

2–Way Multiplexer

s

d
0

d
1 q

s

 
2-way MUX  

1-bit
Decoder



  

Multiplexer

s
0

d
00

s
1

d
01

d
10

d
11

q

2-bit
Decoder

 
4-way MUX



  

4-Way Multiplexer

s
1

s
0

d
11

d
10

d
01

d
00 q

0 0 √ √ √ 0 0
0 0 √ √ √ 1 1
0 1 √ √ 0 √ 0
0 1 √ √ 1 √ 1
1 0 √ 0 √ √ 0
1 0 √ 1 √ √ 1
1 1 0 √ √ √ 0
1 1 1 √ √ √ 1



  

 
4-way MUX

Multiplexer

s
0

d
00

s
1

d
01

d
10

d
11

q

2-bit
Decoder



  

 
4-way MUX

Multiplexer

s
0

d
00

s
1

d
01

d
10

d
11

q

2-bit
Decoder



  

Inverter
s

x q
 2-way MUX

1-bit
Decoder

Inverter



  

Inverter

s

x qInverter
1-bit

Decoder

 2-way MUX



  

Inverter

s

x q
 2-way MUX

Inverter
1-bit

Decoder



  

Inverter

s

x q
 2-way MUX

1-bit
Decoder

Inverter



  

Inverter

s

x qInverter     



  

The TINY Computer

A  
bus      

B  
bus      

 ALU  

C
Bus

B
MUX

A
MUX

  C
  MUX

SYSTEM BUS

MAR
0x0000
0x0000

0x0000

0x0000

0x0000

0x0000

0x0000

0x0000

0x0000

0x0000

0x0000

0x0000

0x0000

0x0000

0x0000

0xffff

MDR

Z
N
C
O

registers
00000000

$1
$2
$3
$4
$5
$6
$7
$8
$9
$A
$B
$C
$D
$E
$F

PC IR
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